We obtain the following results. For any prime q the minimal Hamming distance between distinct regular q-ary bent functions of 2n variables is equal to q n . The number of q-ary regular bent functions at the distance q n from the quadratic bent function Q n = x 1 x 2 + · · · + x 2n−1 x 2n is equal to q n (q n−1 + 1) · · · (q + 1)(q − 1) for q > 2. The Hamming distance between distinct binary s-plateaued functions of n variables is not less than 2 s+n−2 2 and the Hamming distance between distinct ternary s-plateaued functions of n variables is not less than 3 s+n−1 2
Introduction
Boolean bent and plateaued functions play a significant role in information theory and combinatorics. These functions are intensively studied at present as they have numerous applications in cryptography, coding theory, and other areas. Bent functions are known as Boolean functions with maximal nonlinearity. q-Ary generalizations of bent functions are also interesting mathematical object (see [18] ). Boolean plateaued functions generalize functions with maximal nonlinearity. Moreover, some Boolean plateaued functions achieve tradeoff between properties of nonlinearity and correlation immunity. Recently Mesnager at al. [11] redefined plateaued functions over any finite field F q where q is a prime power, and established their properties. In this paper (Section 6) we generalize some methods in order to construct binary plateaued functions for q-ary plateaued functions.
The Hamming distance d(f, g) between two discrete functions f and g is the number of arguments where these functions differ. In other words, the Hamming distance between two functions f and g is the cardinality of the support {x ∈ Dom(f ) | f (x) = g(x)} of their difference. The problem of finding the minimal Hamming distance between two functions of the same type is known as the problem of the minimum-support bitrade (see [4] ). A series of results on calculation of the minimal Hamming distance between Boolean bent and correlation immune functions can be found in [5] and [13] . In this paper (Section 3) we prove that the minimal Hamming distance between distinct q-ary regular bent functions of 2n variables is equal to q n for any prime q. We show (Section 5) that the number of q-ary regular bent functions at distance q n from the quadratic bent function Q n = x 1 x 2 + · · · + x 2n−1 x 2n is equal to q n (q n−1 + 1) · · · (q + 1)(q − 1) for all prime q > 2. In binary case the analogous statement was proved in [6] . Moreover we prove (Section 4) that the Hamming distance between different binary and ternary s-plateaued functions of n variables is at least 2 s+n−2 2 and 3 s+n− 1 2 respectively. We also construct pairs of functions at the minimal distance and investigate their properties 1 .
Nonlinearity and correlation immunity are well-known cryptographic properties of discrete functions. In binary case these properties are opposite to each other. Tarannikov [20] proved the inequality nl(f ) ≤ 2 n−1 − 2 cor(f )+1 for balanced Boolean functions f : F n 2 → F 2 , where nl(f ) is the nonlinearity and cor(f ) ≤ n − 2 is the correlation immunity of f . Moreover, he proved that if the equality holds then f is a plateaued function. We prove (Section 8) a similar result for ternary functions acting from F n 3 to F 3 : nl(f ) ≤ 2 · 3 n−1 − 3 cor(f )−1 and f is a ternary plateaued function whenever the equality holds. Therefore we can use plateaued ternary functions to achieve tradeoffs between properties of nonlinearity and correlation immunity. Moreover, we prove (Section 7) an upper bound 2 · 3 n−1 − 3 n 2 −1 for nonlinearity of arbitrary ternary functions. The bound is achieved on bent functions of a special type.
We believe that the analogous results are impossible for large q. In the last Section 9 we construct quaternary functions having large both nonlinearity and correlation immunity.
Fourier transform on finite abelian groups
Let G be a finite abelian group. Consider the vector space V (G) consisting of functions f : G → C with the inner product
.
The set of characters of an abelian group is an orthogonal basis of V (G). If G = (Z/qZ) n then we can define characters of (Z/qZ) n by equation φ z (x) = ξ x,z , where ξ = e 2πi/q and x, y = x 1 y 1 + · · · + x n y n mod q for each z ∈ (Z/qZ) n . We may define the Fourier transform of f ∈ V (G) by the formula f (z) = (f, φ z )/|G| 1/2 , i.e., f (z) is the coefficients of the expansion of f in the basis of characters. Parseval identity (f, f ) = f 2 = f 2 and the Fourier inversion formula ( f (x)) = f (−x) hold. A proof of the following equation can be found in [16] .
Proposition 1 (uncertainty principle) For every f ∈ V (G) the following inequality is true:
If H is any subgroup of G, and we set f to be the characteristic function of H, then it is easy to see that |supp(f )| = |H| and |supp( f )| = |G|/|H|, so the bound (1) is tight. One can show that up to the symmetries of the Fourier transform (translation, modulation, and homogeneity) this is the only way in which (1) can be obeyed with equality.
Define the convolution of f ∈ V (G) and g ∈ V (G) by the equation
It is well known that
Further, we suppose that q is a prime number and G = (Z/qZ) n ≃ F n q is an n-dimensional vector space over Galois field F q .
The following equality can be found in [15] and [21] . 
It is well known that an extension Q(ξ) of the field of rational numbers does not contain roots of unity with exception of ±ξ k when q is a prime number (see [8] ). It follows that
2) ξ is not a root of a rational polynomial of degree less than q − 1;
Proof. We have
where q−1 m=1 α m = 0. It follows from Proposition 3 that α m = 2 k j=1 c j for each m = 1, . . . , q − 1. Then k j=1 c j = 0. Complex numbers k j=1 c j ξ a j with a j , c j ∈ Z are known as Eisenstein integers if ξ = e 2πi/3 and as Gaussian integers if ξ = e πi/2 . The following statement is obvious.
Proposition 4
The absolute value of a nonzero Eisenstein or Gaussian integer is not less than 1. or equivalently ξ f · ξ f = I, where I is equal to 1 everywhere (see [7] , [17] ). Using (2) we can obtain that the definition of a bent function is equivalent to the equation 
Bent functions
It is easy to see that b ′ is a bent function as well. In this section we suppose everywhere that n is even.
Proposition 5 For any pair of q-ary regular bent functions
By the Parseval identity we obtain that
It follows from Corollary 2 that in both sides of the equation the numbers of nonzero terms are equal.
Theorem 1
The Hamming distance between two regular bent functions on F n q is not less than q n/2 . If it is equal to q n/2 , then the difference between these functions is equal to cχ[Γ], where c ∈ F q and Γ is an n/2-dimensional affine subspace.
It follows from the uncertainty principle (Proposition 1) that
For binary case the statement of Theorem 1 was proved in [2] and [6] . In [13] it was found the spectrum of possible small distances (less than the doubled minimum distance) between two Boolean bent functions.
Plateaued functions
Define the Walsh-Hadamard transform of a function f : 
Since q is a prime number, we have that |W f (y)| 2 takes the value µ 2 = q s+n exactly q n−s times for some s. Such q-ary plateaued functions f are called s-plateaued. By Proposition 3(3), we have W f (y) = ±q (n+s)/2 ξ a for some a ∈ F q or W f (y) = 0 when n+s 2 ∈ Z. Note that 0-plateaued function is a bent function. We say that an s-plateaued [11] ).
Proposition 6 Let f : F n q → F q be a s-plateaued function, A : F n q → F n q be a non-degenerate affine transformation and ℓ : F n q → F q be an affine function. Then g = f • A + ℓ is a s-plateaued function.
Proof. Suppose that the affine function ℓ is the zero function and A(x) = L(x) + u, where L is a linear transformation and u ∈ F n q . Then it holds W g (y) =
Suppose that an affine transform A is identical and ℓ(x) = x, u + a. Then it holds W g (y) =
Let us calculate the minimal Hamming distance between two plateaued functions for binary and ternary cases.
Theorem 2 1) The Hamming distance between two distinct s-plateaued functions on F n 3 is not less than 3
2) The Hamming distance between two distinct s-plateaued functions on F n 2 is not less than 2
. In both cases it holds |W f (y) − W g (y)| ≥ 3 (n+s)/2 . Then, by the Parseval identity, we obtain that
. Acting similar to the case q = 3 we obtain the inequality 2 2−s |supp(f − g)| 2 ≥ 2 n .
If the distance between s-plateaued functions is equal to 2
) then the difference between these functions is equal to
)dimensional affine subspace (see Proposition 1) . Moreover, in this case both of these s-plateaued functions are affine functions on Γ.
From Proposition 2 one can conclude that the following statements hold.
Proposition 7 1) If an s-plateaued function f : F n q → F q coincide with an affine function on an affine subspace Γ, then dimΓ ≤ s+n 2 . 2) If an s-plateaued function f : F n q → F q coincide with an affine function on an s+n 2dimensional affine subspace, then there exist q − 1 s-plateaued functions that differ from f only on this subspace.
Proof. By Proposition 6, without lost of generality, we suppose that Γ is a linear subspace and f is equal to 0 everywhere on Γ, i. e., f | Γ = 0. By Proposition 2, we obtain that y∈Γ ⊥ W f (y) = q n . By definition of s-plateaued functions, we get that |W f (y)| = q (n+s)/2 . Thus |Γ ⊥ | ≥ q (n−s)/2 . Then dimΓ ≤ n − n−s 2 = s+n 2 . If dimΓ = s+n 2 then from the equation y∈Γ ⊥ W f (y) = q n we obtain that W f | Γ ⊥ = q (n+s)/2 . Consider function g = aχ[Γ], a ∈ F q . It is easy to see that
Consequently, |W f +g (y)| = q (n+s)/2 for each y ∈ F n q . Note that if a regular s-plateaued function f coincide with some affine function on Γ then f + g, where g is defined in the above proof, is also regular.
Proposition 7 was proved in [2] for Boolean bent functions. . . , v n , u 1 , . . . u n ) = v 1 u 1 + · · · + v n u n . It is well known that Q n is a regular bent function from Maiorana-McFarland class (see [9] , [10] and [17] ). The following proposition is proved, for example, in [1] (p.274, Lemma 9.4.1).
Quadratic forms

Proposition 8
The number of totally isotropic subspaces of Q n is equal to n i=1 (q n−i + 1).
It is easy to see that if Q n is an affine function on some affine subspace, then it is an affine function on every coset. Moreover, if Q n is an affine function on a linear subspace of dimension n, then this subspace is isotropic (here we assume that q > 2). Thus Q n is an affine function on all cosets of totally isotropic subspaces and it is not affine on other linear subspaces of dimension n.
From Theorem 1, Propositions 7(2) and 8 we can conclude that the following holds.
Corollary 3
If q is a prime number and q > 2, then there are exactly q n (q n−1 +1) · · · (q+1)(q−1) q-ary regular bent functions at distance q n from Q n .
For binary case an analogous statement was proved in [6] . In [5] it was established that this bound on the number of Boolean bent functions at the minimal distance is achieved only for quadratic bent functions. It is natural to propose that this property of quadratic bent functions holds for any prime q ≥ 2.
Constructions of plateaued functions
Denote by x k = (x 1 , x 2 , . . . , x k ) the left part of a vector x = (x 1 , x 2 , . . . , x k , . . . , x n ). The following construction of plateaued functions is similar to Maiorana-McFarland's construction for bent functions. Similarly, it is possible to construct many ((t−2)n+k)-plateaued functions of tn+k variables.
Corollary 4
The number of different q-ary ((t − 2)n + k)-plateaued functions of tn + k variables is not less thann (q n !) t−1 q k !.
Define the function θ : 
Corollary 5 1) If f is an s-plateaued function of n + k variables and a ∈ F k q then g(x, y) = f (x, a) is an (s + k)-plateaued function of n + k variables.
2) If f is an s-plateaued function of n variables and a ∈ F k q then f (x) + a, y is an (s + k)plateaued function of n + k variables.
3) If f a are s-plateaued functions of n variables with pairwise disjoint supports of W f a , a ∈ F k q , then a θ(a + y)f a (x) is an (s − k)-plateaued function of n + k variables.
For q = 2 these constructions of plateaued functions and the example below can be found in [3] and [19] . . Using functions R, R ′ , T, T ′ and Corollary 5, we prove the following statement. . It is easy to see that W ga (u, v) = 0 if v = a. Then functions W ga have pairwise disjoint supports and functions W ga and W g ′ c have disjoint support if a = c. Consider the set of functions G k 2 = {g a : a = (b 1 , . . . , b k 2 , 0, . . . , 0)}. Using the set G k 2 and Proposition 5(2), it is possible to construct a (2 + k 1 − k 2 )-plateaued function h of (4 + k 1 + k 2 ) variables. Consider the set
Acting the same way, we can construct a (2 + k 1 − k 2 )-plateaued function h ′ using G ′ k 2 . It is easy to see that d(h, h ′ ) = 4 · 2 k 1 = 2 4+k 1 +k 2 +2+k 1 −k 2 −2 2
. Thus for all integers s ≥ 2 and t ≥ 0 we have found pairs of s-plateaued functions of n = 2 + s + 2t variables at distance 2 s+n−2 2
, where k 1 = s − 2 + t and k 2 = t. 2. The proof of ternary case is similar to the proof of binary case.
Nonlinearity of ternary functions
Denote by A n,q the set of affine functions f : F n q → F n q . Functions f, g : F n q → F n q are said to be isotopic if and only if there exists a set of permutations τ i : F q → F q , i = 0, . . . , n, such that g(x 1 , . . . , x n ) = τ 0 g(τ 1 x 1 , . . . , τ n x n ) for all (x 1 , . . . , x n ) ∈ F n q . Denote by A n,q the set of functions that are isotopic to affine functions.
The distance between a function f and a set of functions A is the minimum distance between f and any function g ∈ A. The nonlinearity nl(f ) of a function f : F n q → F n q is the distance between f and A n,q and the strong nonlinearity nl(f ) is the distance between f and A n,q .
For q = 2 and 3 the sets A n,q and A n,q coincide. Thus the strong nonlinearity is the same as the nonlinearity in these cases.
The nonlinearity of a function f mapping from F n 2 to F 2 is expressed via its Walsh-Hadamard coefficients by the following formula (see [17] or [19] )
The similar formula exists for ternary functions f : F n 3 → F n 3 .
Proposition 12 nl(f ) = 2(3 n−1 − 3 −1 max
Re(ξ a W f (y))).
Proof. By definitions, it holds W f (y) = Consequently, Re(W f (y)) = |{x ∈ F n 3 : f (x) = x, y }| − 1 2 |{x ∈ F n 3 : f (x) = x, y }|. By the obvious equality |{x ∈ F n 3 : f (x) = x, y }| + |{x ∈ F n 3 : f (x) = x, y }| = 3 n , we obtain that d(f, x, y ) = 2(3 n−1 − 3 −1 Re(W f (y))).
Consider an affine function x, y − a, where a = 1, 2. We have that d(f, x, y − a) = d(f + a, x, y ). Then d(f + a, x, y ) = 2(3 n−1 − 3 −1 Re(ξ a W f (y)) as is proven above.
A Boolean function f : F n 2 → F 2 reachs maximum nonlinearity nl(f ) = 2 n−1 − 2 n 2 −1 if and only if n is even and f is a bent function. For q-ary bent functions the similar statement is not true. Consider the case q = 3 in details.
and only if f is a bent function, n is even and W f (y) = −3 n/2 ξ a , a ∈ F 3 , for each y ∈ F n 3 ; 3) if b is a bent function and there exists y ∈ F n 3 such that W b (y) = 3 n/2 ξ a , a ∈ F 3 , then nl(b) = 2(3 n−1 − 3 n 2 −1 ).
Proof. By the Parseval identity, there exists y ∈ F n 3 such that |W f (y)| = 3 n/2 . It is easy to see that max Re(ξ a W b (y)) ≤ |W b (y)| = 3 n/2 for each y ∈ F n 3 . If W b (y) = 3 n/2 ξ a for some y ∈ F n 3 then max a∈F 3
Re(ξ a W f (y)) = 3 n/2 .
The function b(x) = x 2 1 + · · · + x 2 n satisfies the conditions of Proposition 13 (2) for n ≡ 2( mod 4). Indeed it holds W b (y) = 
Extremal property of plateaued functions
Consider a function f : F n q → F q . If for all a ∈ F q numbers |f −1 (a) ∩ Γ| are equal for all k-dimensional faces Γ then f is called a correlation immune function of order n − k. Denote by cor(f ) the maximum of these orders n − k. The correlation immunity of a balanced (W f (0) = 0) function f on F n q is expressed via its Walsh-Hadamard coefficients by the following formula (see [14] and [20] )
where wt(u) is the Hamming weight of u.
The following theorem is proved by Tarannikov in [20] .
Theorem 3 Let f be a balanced Boolean function on F n 2 , cor(f ) ≤ n − 2.
Then nl(f ) ≤ 2 n−1 − 2 cor(f )+1 . If nl(f ) = 2 n−1 − 2 cor(f )+1 then f is a plateaued function.
Therefore we can use plateaued functions to achieve tradeoff between nonlinearity and correlation immunity properties of Boolean functions. Constructions described in Proposition 10 save the property to be a binary plateaued function with maximal correlation immunity (see [19] ).
Further, we generalize Theorem 3 to the ternary alphabet. Denote by S k = {x ∈ F k 3 : wt(x) = k} the set of ternary vectors of the maximal weight. Proof. It is sufficient to prove the lemma for x =1 k = (1, . . . , 1) because we can replace each x ∈ S k by1 k multiplying variables by 2. For k = 1 the statement of lemma is obvious. Assume that it holds for k = n, i. e.,
For an arbitrary affine hyperplane M ⊂ F n 3 we determine three affine hyperplanes in F n+1
3
:
By induction assumption, there exists a set affine hyperplanes C i ⊂ F n 3 such that
Then we obtain equations: 
, where δ i and ε(y) are integers.
Since 1 + ξ + ξ 2 = 0, a representation of an Eisenstein integer in the form a 0 + a 1 ξ + a 2 ξ 2 is not unique. Moreover, three irreducible representations of an Eisenstein integer in forms N = b 20 + b 21 ξ = b 10 + b 12 ξ 2 = b 01 ξ + b 02 ξ 2 are unique. Consider an Eisenstein integer N = p(a 0 + a 1 ξ + a 2 ξ 2 ), where p, a 0 , a 1 , a 2 are integers. Then
Consequently, if there exists a representation of Eisenstein integer such that its coefficients are divisible by p then coefficients of all irreducible representations are divisible by p. An Eisenstein integer N of such type is called divisible by p. Theorem 4 Let f be a balanced ternary function on F n 3 . Then nl(f ) ≤ 2 · 3 n−1 − 3 cor(f )−1 . If nl(f ) = 2 · 3 n−1 − 3 cor(f )−1 then f is a plateaued function.
f ((x 1 , y 1 ), . . . , (x n , y n )) = (x 1 ⊕ · · · ⊕ x n , b(y 1 , . . . , y n )),
where b : F n 2 → F 2 is an appropriate Boolean function.
Proposition 14
If a function f is defined by (6) with the help of a Boolean bent function b (n is even) then nl(f ) = 2 n (2 n−1 − 2 n 2 −1 ).
Proof. It is easy to see that if an affine function does not depend on one or more coordinates then the distance between an n-ary quasigroup of order 4 and such an affine function is equal to 3 · 4 n−1 .
If an affine function ℓ : F n 4 → F 4 depends on all coordinates then it is isotopic to the function ℓ 0 ((x 1 , y 1 ), . . . , (x n , y n )) = (x 1 ⊕ · · · ⊕ x n , y 1 ⊕ · · · ⊕ y n ).
Consider two cases 1) ℓ((0, y 1 ), . . . , (0, y n )) ∈ {(0, 1), (0, 0)} for all (y 1 , . . . , y n ) ∈ F n 2 , 2) otherwise.
For the first case we obtain that ℓ((x 1 , y 1 ), . . . , (x n , y n )) = (x 1 ⊕ · · ·⊕ x n , l(y 1 , . . . , y n )), where l : F n 2 → F 2 is an affine Boolean function (see [12] ). Then d(f, ℓ) = 2 n d(b, l) ≥ 2 n (2 n−1 − 2 n 2 −1 ). In the second case we get that |{(y 1 , . . . , y n ) : ℓ((δ 1 , y 1 ), . . . , (δ n , y n )) ∈ {(0, 1), (0, 0)}}| = |{(y 1 , . . . , y n ) : ℓ((δ 1 , y 1 ), . . . , (δ n , y n )) ∈ {(1, 1), (1, 0)}}| = 2 n−1 for all (δ 1 , . . . , δ n ) ∈ F n 2 (see [12] ). Then d(f, ℓ) ≥ 2 n · 2 n−1 .
